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Abstract 
The propagation of cracks along the span of the reinforced concrete structures results in a reduction of structural stiffness. The 
Indonesia National Code SNI 2847-2002, which refers to the ACI 318M-2008, mandates the reduction of this moment of inertia 
by 35%. This reduction-number is generalized for all the reinforcement ratios. As a consequence, this will lead to a deviation in 
actual behaviour, since a dissimilar reinforcement ratio will result in a different stiffness modulus of the section under 
consideration. A non-linear Finite Element Model (FEM) based on the anisotropic material approach, is currently being 
developed to generate the relationship of the flexural rigidity factor as a function of the reinforcement ratio. 
© 2014 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of organizing committee of the 2nd International Conference on Sustainable Civil Engineering 
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1. Introductions 
Concrete is a heterogeneous material consisting of the mortar matrix and the aggregates. The heterogeneous 
nature of concrete makes it susceptible to micro-cracks, primarily in the vicinity of the interface between aggregate 
and mortar. Moreover, the weak tensile capacity of concrete is one of the major sources that lead to the formation of 
micro-cracks. Micro-cracks occur at early loading stages and will propagate under increasing load [1,2]. The use of 
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reinforcing steel therefore provides a good solution to increase the capacity of a concrete element. A good bond 
between the steel bars and the concrete consequently becomes mandatory.  
The non-linear behaviour of reinforced concrete structures originates from the non-linear nature of the concrete 
itself and is intensified by the formation of cracks and slip that occur at the interface between the concrete and the 
reinforcement. When the concrete has cracked, the behaviour of concrete is approached by the anisotropic theory, 
while on the other hand the behaviour of the steel material remains unchanged. Cracks that occur in the beam will 
reduce the effective height of the cross section and further decreases the section’s moment of inertia (I).  
The crack development in a reinforced concrete structure is a very complex phenomenon. Simplifications in its 
behaviour resulted in the currently existing regulations [3,4]. Both these standards give special attention to the 
phenomenon of cracks. In 1963, Branson formulated an expression for the effective moment of inertia for a cracked 
cross section. The formulation was derived empirically, from experimental results, and was then adopted by the 
regulations. However, researchers [5,6] found weaknesses in the formulation of the model as proposed by Branson 
[7]. 
The Indonesia National Code [3] which refers to the American Concrete Institute Code [4], assess the effect of 
cracked elements in reinforced concrete structures. The influence to the structural elements is accommodated by 
reducing the stiffness through the section’s moment of inertia. The reduction factor for the flexural rigidity factor (ȕ) 
is set to 35%. A different value is proposed by the Canada Code of standard [8], which provides a reduction factor 
for this flexural rigidity factor (ȕ) of 40%. 
The purpose of this study is to model the relationship of the flexural rigidity factor (ȕ) and reinforcement ratio (ȡ) 
by constructing a Finite Element Model (FEM). To analyze the accuracy and correctness of the written program, the 
resulting moment-curvature curves are validated to identical laboratory specimens having the exact same 
dimensions and material properties. The Visual Basic language is used to generate the program algorithms. 
2. Finite element modelling 
2.1. The concrete element 
The concrete was modelled as a plane-stress, isoperimetric quadrilateral element having two-by-two Gauss 
points. The formulation as proposed by Chen and Saleeb [9] was chosen for modelling the material matrix. The 
equation is written as: 
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E1 and E2 are respectively the modulus of elasticity in the major and the minor principal stress direction. The 
stress-strain constitutive relationship of the material was based on the CEB-FIB Code [10]. At early loading stages 
the material was considered isotropic and the Young’s modulus was used, so that E1 = E2 = E0. This assumption of 
isotropy was comprised prior to cracking. The stresses and strains were evaluated based on their local axes 1 and 2 
(Fig. 1); the concrete constitutive matrix was formulated based on the major stress, while taking into account the 
material non-linearity of the stress-strain curve. After cracking, the concrete became anisotropic. The global axis 
was replaced by the local axis and the rotation angle ș between the global and the local axis was determined based 
243 Sri Tudjono et al. /  Procedia Engineering  95 ( 2014 )  241 – 251 
on the direction of the cracked Gauss point. Failure of Gauss points were modelled by assigning a significantly 
small number for the modulus of elasticity, to the power of minus six. This method was chosen to avoid a zero value 
for the determinant of the stiffness matrix [11]. 
 
 
Fig. 1. Stresses and strains in cracked concrete. 
The cracks were modelled as smeared cracks. Within this developed model, the initiation of the cracking process 
at any Gauss point occurred when the major principal concrete stress reached the boundaries of the failure surface. 
The boundaries were generated based on the failure envelope as proposed by the Kupfer-Hilsdorf-Rusch failure 
envelope [12] and is shown in Fig. 2. The envelope distinguished the region as either one of bi-axial tension, bi-axial 
compression, or as a combination of tension-compression stresses.  
 
 
Fig. 2. Kupfer-Hilsdorf-Rusch failure envelope. 
2.2. Reinforcing steel element 
The reinforcing steel was modelled as a one-dimensional discrete element. The discrete element modelling of the 
steel as a one-dimensional bar element resulted in two degrees of freedom at each node. Reinforcing steel elements 
in this model were placed at the interface adjacent to the concrete elements. Discrete elements have been able to 
accommodate the influence of bond-slip between concrete interface and reinforcing steel with high satisfaction [13]. 
The stress-strain relationship of the reinforcing steel was modelled by an idealized bi-linear curve, identical in 
tension and compression. The elastic area was designated by the initial and yield point in this zone, the modulus of 
elasticity for the reinforcing steel was set to Es. After yielding, the stress-strain relationship was modelled as a 
straight line (Fig. 3). 
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Fig. 3. Idealized stress-strain curve for steel. 
2.3. Bond element 
Referring to the bond element as proposed by Ngo and Scordelis [14], the stress transfer from the concrete to the 
steel bar was represented by a linkage element consisting of two springs. This linkage element has been used 
extensively and with great satisfaction in both the past and present [15-18]. The spring first enabled displacements in 
the shear direction, parallel to the steel-bar surface, while the second modelled the dowel action or tensile-bond 
relationship and is perpendicular to the steel bar surface. The nodes at the boundary between the reinforcing steel 
and the concrete were therefore connected by two nodes with the linkage element as a connecting medium (Fig. 4). 
 
 
Fig. 4. The Bond-link model. 
As explained, the linkage element consists of two springs that respectively have a direction parallel and 
perpendicular to the axes of the reinforcing steel. The springs have a zero dimension. The spring in the direction 
parallel to the axes of the reinforcing steel (Kr) represented the shear behaviour or bond-slip between the concrete 
and reinforcing steel, while the spring in the direction perpendicular to the axes of the reinforcing steel (Ks) counted 
for the dowel action. Former research work [14] concluded that reinforced concrete beams are dominated by the 
bending mode; as a consequence, the effect of the dowel action can be neglected. A substantial large value for Ks 
was set to diminish the effect of the dowel action. 
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Fig. 5. Eligehausen bond-slip model.  
The bond-slip relationship used in the algorithms was based on the Eligehausen Model (Fig. 5). The bond-slip 
model as proposed by Eligehausen [19] has bond-slip parameters as shown in Table 1.  
     Table 1. Eligehausen bond-slip parameters. 
Unconfined Concrete 
S1 1 mm 
S2 3 mm 
S3 10.5 mm 
Ĳmax 13.5 MPa 
Ĳf 500 MPa 
3. Validation  
3.1. Validation data 
The experimental research of an under-reinforced beam (U1, U2 and U3) conducted by Srikanth, et al. [20] was 
used as a validation tool. The dimensions of the beams were 150 x 200 mm2 with a length of 2.100 mm; the 
effective span was 1.800 mm. The beams were tested by a two-point loading system, 300 mm apart. This loading 
configuration created a constant bending moment in between the points of loading (Fig. 6). The material property 
details of the beams are shown in Table 2.  
     Table 2. Beam material property [20]. 
Beam fc’ (MPa) Tension steel Reinforcement ratio (ȡ) fy (MPa) 
U1 42.54 2-12 mm 0.0075 400.85 
U2 39.65 2-16 mm 0.0134 409.55 
U3 47.92 2-16 mm 0.0134 409.55 
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Fig. 6. Validation beams.  
3.2. The moment-curvatures of the developed FEM 
The developed FEM was run for identical data as explained in Table 2. In the 2D model of the FEM, the beam 
was meshed into 210 concrete elements: 42 in the direction of the X axes, 5 in the direction of the Y axes, and 42 
reinforcing steel elements. The moment-curvature was calculated at mid-span. The moment-curvature calculation 
algorithm is illustrated in Fig. 7 [21].  
 
 
Fig. 7. Determination of moment-curvature [21].  
The magnitude of the bending moment was calculated from each load increment by the following equation: 
aPM i .
2
    (3) 
Where: 
Pi = load increment. (N) 
a = distance from the support to the load point. (mm) 
The values for the curvature (ĳ) were calculated by setting the initial length of the section to lo. The lo was taken 
at a distance of 100 mm from the centre. ǻc was calculated based on the horizontal displacement of the most 
extreme concrete node in compression, and ǻs was determined based on the horizontal displacement of the 
corresponding node at the reinforcing steel. The strains in both the concrete and steel, İc and İs, were obtained by 
dividing the displacement by the initial length of the section (lo). Further, the curvature was calculated using the 
following equation: 
d
sc |)||(| HHM     (4) 
Where: 
İc = the strain of the concrete in the top fibres 
İs = the strain of the steel 
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d = distance from the top fibres of the concrete to the steel 
3.3. Validation procedure 
The developed FEM Program was validated to ensure its accuracy and correctness. The method chosen was to 
superimpose the moment-versus-rotation curves resulted by the FEM program against the experimental data. The 
horizontal axes represented the curvature in rad/mm, and the vertical axes standing for the moment in Nmm. The 
curves are shown in Fig. 8.  
 
 
Fig. 8. Validation of moment-curvature relationship.  
The moment-curvature curves generated by the FEM program as compared to the curves originated from test 
specimens U1, U2 and U3 showed a remarkably close representation. The non-linear response of the beam was 
reflected well. At early loading stages, up till 15% of the ultimate load and after crack occurred until the ultimate 
load, the curves demonstrated an almost identical behaviour. 
 
 
Fig. 9. Crack pattern of the FEM beam.  
The developed FEM program presented the crack initiation and crack propagation based on the smeared crack 
approach (Fig. 9). The work of Srikanth, et al. [20] didn’t provide data on the crack pattern and propagation. 
However, from analytical logic it can be concluded that the crack initiation as predicted by the FEM was correct 
within reasonable high degrees. First cracks started in the concrete, within the region of the maximum bending 
moment, and at the extreme fibres in tension. The cracks further propagated in the line of the load and, as seen, 
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moved toward the neutral axes of the beam. The cracks then spread horizontally, along the bottom fibbers of the 
specimen. 
4. Analysis and discussion  
4.1. Analysis of the developed FEM 
The developed FEM was run for beam U1 to analyze the flexural rigidity factor (EIcr) of the cracked reinforced 
concrete beams as a function of the reinforcement ratio (ȡ). For this purpose, the program was utilized for a set of 
reinforcement ratios ranging from ȡmin= 0.0041 to ȡmax= 0.0304. The moment-curvatures of the cracked reinforced 
concrete beams obtained by the program were converted to the flexural rigidity factor using the equation:  
M
MEI     (5) 
The resulting EIcr- ȡ response was presented graphically (Fig. 10).  
 
 
Fig. 10. FEM result of EI- ȡ relationship.  
4.2. Retrospective view to the Indonesia National Code (SNI 2847-2002) 
The moment and curvature at the first crack of the reinforced concrete beams can be determined by the formula 
assuming linear elastic material behaviour:  
)( Yh
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M grcrack 
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 M    (7) 
Where fr is the modulus of rupture, Ig is the gross moment of inertia, h is the height of cross section and Y is the 
distance from the extreme fibres in compression to the neutral axes. From Eq.(5) the value of EIg was calculated to 
be 3065x109 Nmm2 for beam U1. The Indonesia National Code [3] mandates a reduction factor for the moment of 
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inertia of cracked reinforced concrete beams by 35% to the gross moment of inertia Ig. Thus for the concrete beam 
U1, the section stiffness after cracking EIcr should be assigned so as to be 1073 x109 Nmm2. 
Fig. 11 shows a comparison of EIcr as suggested by [3] and the resulting reinforcement ratio ȡ as predicted by the 
FEM program.  
 
 
Fig. 11. Comparison of EIcr- ȡ of the Indonesia National Code and FEM result.  
Fig. 11 demonstrates visually the demarcation of the Indonesian National Code for the adjusted flexural rigidity 
of the section. This 35% reduction applies for all ranges of reinforcement ratio ȡ. When this reinforcement ratio for 
test specimens U1 and U2 having a ȡ of respectively 0.0074 and 0.0134 is plotted against the curve generated by the 
FEM, it can be seen that the required EIcr is far below the SNI-assigned value. The U1 beam will have an EIcr of 
approximately 600x109 Nmm2, and the beam U2 an EIcr of 840x109 Nmm2. On the other hand, a beam with a higher 
reinforcement ratio will be very conservative, and most probably leading to an in-economical design.  
4.3. Reduction factor of the moment of inertia (ȕ) 
The EIcr obtained from the numerical simulations from the developed FEM was divided by the EIg to obtain a 
reduction factor (ȕ) as a function of the reinforcement ratio (Fig. 12).  
 
 
Fig. 12. FEM result of ȕ - ȡ relationship. 
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From the relationship of the reduction factor (ȕ) and the reinforcement ratio (ȡ), an equation was obtained:  
6.1051  2120  34190- 2  UUE    (8) 
Where: 
ȕ = the reduction factor of the moment of inertia (%) 
ȡ = the reinforcement ratio 
5. Conclusions 
The relationship of the flexural rigidity factor to the reinforcement ratio of a cracked reinforced concrete beam 
under a two-points loading system was investigated numerically. Based on the numerical simulation results, the 
following conclusions can be drawn: 
a) The flexural rigidity factors of cracked reinforced concrete beams have different values, and are a function of 
the reinforcement ratio ȡ. 
b) The reduction factor (ȕ) for the gross moment of inertia of a section as mandated in the Indonesia National 
Code [3] refers to the value of a reinforcement ratio ȡ equal to 0.02, and is therefore inaccurate for 
reinforcements ratios other then 0.02. 
c) The relationship between the reduction factor (ȕ) for the gross moment of inertia as a function of the 
reinforcement ratio ȡ follows a quadratic path. 
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